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Q 1. Answer five (5) questions with brief justifications. Only ¢ Yes’ or
‘No’ will not be sufficient. [6 x 2 =10]

(a) Is it true that (g) is of O(n*) for some k?

Ans. (J1) = 2=l (229)  (30),

(b) Let PNcoﬁn = {A C Ny : Np\ Ais finite}, the collection of cofinite
(complement is finite) subsets of Ng = {0,1,2,---}.
Is PN cofin countably infinite?
Ans. There is a bijection f : ’PNﬁn — Ng, @~ 0 and {a1, a2, - ,ar}
2% 42% 4. .- +2%. The bijection g : PN, 5, — No s, g(A) = f(No\ A4).
So it is countably infinite.

(¢) Let Ly and Ly be two Context-free languages (CFLs) over X.
L=LiLy={zeX*: x=uv, u€ L1 Av € La}. Is L a CFL?

Ans. Let the CFGs of Ly and Ly be G; = (X, N1,51,R1) and Gy =
(32, Na, Sa, Ry). We assume that Ny N Ny = (. The CFG for L is G =
(E,N,S,N) where S¢N1UN2 and N = {S%Slsg}UNluNg.

(d) Let Ly and Lo be two decidable languages over X.
L=LiLy={zeX*: x=uv, u € L1 ANv € Ly}. Is L decidable?

Ans. Let the Turing machines M; and M> be decide the language L; and
Ly respectively. We design the following NTM to decide L.

N: input z
(a
(b

) Nondeterministically split @ = uw.
)
¢) Simulate M; on v and Ms on v.
)

)

Copy u and v on two different tapes.

(
(d

(e) If there is no split for which both the simulation accepts, then reject.

If both M, accepts u and My accepts v, then accept.



()

Liooo = {< M,z >: M is a Turing machine that does not halt on input z
within 1000 steps }. Is Ligoo decidable?

Ans. Following is the decider for Liggg.
D1ogo : input < M, x >

(a) Simulate M on the input for at most 1000 steps.
(b) If M halts within this, reject.
(c) Else accept.

A Boolean clause has 10 literals, C = (I3 Via V -+ V l19). How many
clauses in the equivalent 3CNF formula ¢ will be there so that C' is satis-
fiable if and only if ¢ is satisfiable? How many new Boolean variables are
introduced?

Ans. The first and the last clauses have two literals from C. Other clauses
have one literal from C. So the total number of clauses are 10 —4+2 = 8.
Every clause except the last one has a new literal. So there are 7 new
variables.

Let CLIQUE3) = {< G >: G is an undirected graph and it has a clique
of size 30 }. Is CLIQU E3q in P?

Ans. If the graph has n vertices then there are (j)O(n*") subsets of

vertices of size 30. Testing each of them for clique will take (320) tests. So
it can be performed in polynomial time.



Answer any three (3) of the following questions.
[3 x 5 = 15]
Note: decidable = recursive, semi-decidable = recursively-enumerable.

Q2. 2 + 3]

(a) Prove that for any set A there is no onto map from A to its power set P A.

(b) Let Ly = {< M,z >: M is a Turing machine that halts on its input x}.
Prove that Ly is undecidable.

Ans.

(a) Suppose f : A — PA is an onto map. We define a subset B of A as
follows:

B={a€A: ad f(a)}.
As f is onto and B € PA, there is a b € A such that f(b) = B. But the

contradiction is

be f(b)=Bifand only if b & f(b) = B.

(b) Suppose the Turing machine M}, decides Ly i.e. M}, halts on every input.
My, accepts if M halts on x and it rejects if M does not halts on z.
We design the following Turing machine using M}, as an oracle.

D: input < M >
(i) Call My, on input (< M >, < M >).
(ii) If M}, accepts, then reject, else accept.

accept M does not halt on < M >

D(< M >)= { reject M halts on < M >.

But then there is a contradiction if we feed D with its own description
<D >.

accept D does not halt on < D >i.e.

D(<D>)= { reject M halts on < M >.

D halts and accept < D > if and only if D does not halt on < D >.

— See page 2



Q 3. (2 + 3]

(a) Let A, B C {0, 1}*. Define mapping reducibility (<,,) from A to B. What
conclusions can you draw about the relative computability (decidability,
semi-decidability etc.) between A and B?

(b) Show that Ly{< M,z >: the Turing machine M does not halt on x} is
mapping reducible to L,y = {< M >: L(M) is not a regular language}.
Is Lyeg recursive or recursively-enumerable or not recursively-enumerable?

Ans.

(a) The set A is mapping reducible to the set B if there is a computable
function f: {0,1}* — {0,1}* so that for all x € {0,1}*, x € A if and only
if f(x) € B.
A cannot be computationally more difficult than B.
If B is decidable (resp. semi-decidable), then so is A.
If A is undecidable (resp. not recursively enumerable) then so B.

(b) Consider the following Turing machine constructed by the computable
function f: {0,1}* — {0,1}* ie. < M,z >—=< Myeq >.

Mg input y

(a) If y = y® then accept.
(b) Simulate M on z.
(c) If the simulation halts then accept.

0,1}* if M halts on x
L(Mreg) = { { }

{y€1{0,1}*: y =y%}} if M does not halt on .

As Ly is not recursively-enumerable, the language L4 is also not recur-
sively enumerable.



Q 4. [4+1]

(a) Give two definitions of the class NP and show that they are equivalent.
(b) Is COMPOSITE = {n € N: n is a composite number} in P?
Ans.

(a) Definition I: A decision problem S C {0,1}* is in class NP if there is a
polynomial time bounded nondeterministic Turing machine that accepts
only the elements of S.

Definition II: A decision problem S C {0,1}* is in class NP if there is
a polynomial p() and a polynomial time bounded deterministic Turing
machine V so that

(i) For every x € S there is an y (Jy| < p(|z|)) such that V accepts (z,y).
The string y is called a witness/proof/certificate of x € S.

(ii) But for every x ¢ S, there is no y such that V accepts (z,y).

Equivalence:

If there is a nondeterministic Turing machine N accepting = € S, there is
an accepting run (choice of transitions) of N. The description of N and
the accepting run of NV on z is a possible witness y for a verifier. The
length of this witness is O(poly(|z])).

A verifier can be designed that checks the correctness of the transition of
N from its start state to the accepting state.

If there is a verifier V' for S, then for every x € S, there is a polynomial
length certificate. A polynomial time bounded nondeterministic Turing
machine N can be designed that generates strings y of required polynomial
length and use the verifier to accept or reject V(z,y). If z € S, there is
at lease one y generated by N, otherwise there is none.

(b) As it is known that PRIME € P, the set COMPOSITE is also in P.



Q5. 2+3

(a) Define the class of search problems PF (solution can be found in poly-
nomial time) and the class PC (solution can be verified in polynomial
time).

(b) Prove that, if PC C PF then NP = P.
Ans.

(a) A search problem corresponding to a polynomial bounded relation S C
{0,1}* x {0,1}* solvable by a polynomial time algorithm M such that for
each z € {0,1}*, M(z) € S(z) if and only if S(z) # 0. Otherwise the
algorithm halts indicating that there is no solution i.e. M (z) = L.

The collection of these problems is called PF.

A search problem S corresponding to a polynomial bounded relation S C
{0,1}* x {0,1}* is in PC (efficiently checkable) if there is a polynomial
time algorithm/TM M such that for every z,y € {0,1}*,

[ 1 if(z,y) €8,
M(x’y)_{ 0 if (z,y) ¢ S.

(b) Suppose PC C PF:
Let S € NP and V be the verifier for S.
Define the relation Rs = {(z,y) € {0,1}* x {0,1}*, V(x,y) = 1} i.e.
(x,y) € Rg if and only if 2 € S. Tt is a polynomial bounded relation and
can be checked in polynomial time by the verifier V', so Rg € PC = Rg €
PF (by the assumption PC' C PF).
So the search problem of Rg is efficiently solvable and there is a polynomial
time algorithm Mg to search for a solution of x € S.
Mg(z) returns a y € Rg(z) if Rg(x) # 0; otherwise it returns L. The
polynomial time decider for S using Mg as an oracle is as follows:
D,: input x

(a) Call Mg with z as the parameter.
(b) If Mg(x) # L, accept.
(c) Else reject.

This makes NP C P. Tt is equivalent to say P = NP (as P C NP).

*kk Tpd ***



